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1. (1+1+2 0) 5���H&0�%?, =L�wVT�>,.

2. (2 0) 5�>F6Y��� Leibniz :�.

3. (2 0) � m, n > 1 'R�, a1, . . . , am, b1, . . . , bn '3�. � ∀x ∈ R,
∣
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∣

∣
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∣
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,Ty:
∣

∣

∣

∣

∣

m
∑

j=1

jaj

∣

∣

∣

∣

∣

6 |b1| .

4. (4 0) � a, b, c ∈ R. ∀x ∈ R, %?
f(x) =

{

ax2 + x + b ,� x > 0 ,

c sin x , � x < 0 .�% a, b, c ��A� f M R Æ+Yf�.

5. (3 0) '�> x > 0, %?
f(x) = arctan(x +

√
1 + x2) .��A� f ′.

6. (3 0) ∀x ∈ R, %? f(x) = x2 sin x. '�>R� n > 2, � f (n).
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l���f:

1. [: � E '/hKD,�x0 ∈ E ' E �J0#, * f : E → R 'A�.

(a) � f M# x0 �f�, �-mJ0�M�D0
lim

E∋x→x0

f(x) − f(x0)

x − x0
.���5J0' f M# x0 ����, O` f ′(x0).

(b) � f M# x0 �f&, ��M14A� A : R → R ��
f(x) − f(x0) = A(x − x0) + o(x − x0) (E ∋ x → x0).��� A ' f M# x0 ��&0, O` df(x0).

(c) A� f M# x0 �f���_��M5#�f&. ��
df(x0) = f ′(x0)dx ,~Z dx : R → R '14A��� ∀h ∈ R, 
D dx(h) = h.

2. [: � n ∈ N, * u, v : E → R ' n Yf�. N uv M E Æ n Yf��
(uv)(n) =

n
∑

k=0

(

n

k

)

u(n−k)v(k) .

3. Ty: ∀x ∈ R \ {0}, C!�f�
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∣
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∣

∣

∣

∣
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∣

∣
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6 |b1| .

4. Ty: C� A��4YfUA� f 0
M [0, +∞[ ÆC ]−∞, 0[ Æ'*�f�. F� f M R Æ+Yf���_� f MJ#�'+Yf�,*QE SF�-m ��k:

lim
x→0−0

f(x) = lim
x→0+0

f(x) ,

lim
x→0−0

f(x) − f(0)

x
= lim

x→0+0

f(x) − f(0)

x
,

lim
x→0−0

f ′(x) − f ′(0)

x
= lim

x→0+0

f ′(x) − f ′(0)

x
,
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C f �%?fU, Æ�
 �0
 SF b = 0, 1 = c, 2a = 0. F� fM R Æ+Yf���_� a = 0 , b = 0 , c = 1.

5. [: C� A��3D��,NfU, '�> x > 0, �k
f ′(x) =

1

1 +
(

x +
√

1 + x2
)2 ·

(

1 +
x√

1 + x2

)

=
1

2
(

1 + x2 + x
√

1 + x2
) ·

√
1 + x2 + x√

1 + x2

=
1

2(1 + x2)
.

6. [: CF��L�
'� A�, ��*�f&. <'�>R� n > 2,C Leibniz :�fU
f (n)(x) =

n
∑

k=0

(

n

k

)

(x2)(k)(sin x)(n−k)

= x2 sin
(

x +
π

2
n
)

+ 2nx sin
(

x +
π

2
(n − 1)

)

+n(n − 1) sin
(

x +
π

2
(n − 2)

)

=
(

x2 − n(n − 1)
)

sin
(

x +
π

2
n
)

− 2nx cos
(

x +
π

2
n
)

.lp� �s�ivao� (10 0)

1. (3 0) 5�-�%i�|	:

(a) Lagrange ZW%i, (b) Cauchy ZW%i, (c) Darboux %i.

2. (3 0) � f ∈ C ([a, b]) M ]a, b[ Æf���� f(a) = f(b) = 0. ℄[��2[A�C Lagrange ZW%iTy: ∃ξ ∈]a, b[ ��
f(ξ) = f ′(ξ) .

3. (4 0) �A� f Md�T ]a, b[ |f& (~Z a, b f='*0), �
lim

x→a+0
f(x) = lim

x→b−0
f(x) ∈ R .jB Darboux %iTy: ∃ξ ∈]a, b[ �� f ′(ξ) = 0.
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lp��f:

1. [: (a) Lagrange ZW%i: �A� f ∈ C ([a, b]) M ]a, b[ |f&, N�M ξ ∈]a, b[ �� f(b) − f(a) = f ′(ξ)(b − a).

(b) Cauchy ZW%i: �A� f, g ∈ C ([a, b]) M ]a, b[ |f&, N�M ξ ∈]a, b[ �� g′(ξ)
(

f(b) − f(a)
)

= f ′(ξ)
(

g(b) − g(a)
)

. 
!,�� g′ M ]a, b[ |E�'n, N g(a) 6= g(b) �
f(b) − f(a)

g(b) − g(a)
=

f ′(ξ)

g′(ξ)
.

(c) Darboux %i: �A� f : [a, b] → R f�, * µ 87^F f ′(a)H f ′(b) VT, N�M ξ ∈]a, b[ �� f ′(ξ) = µ.

2. Ty: ∀x ∈ [a, b], %? F (x) = f(x)e−x. C!�"VfU F M [a, b]Æl6, M~|
f�. <C Lagrange ZW%ifU�M ξ ∈]a, b[ ��
F (b) − F (a) = F ′(ξ)(b − a) =

(

f ′(ξ) − f(ξ)
)

e−ξ(b − a) .E f(a) = f(b) = 0, < F (a) = F (b) = 0, `*fU f ′(ξ) = f(ξ).

3. Ty: B-T,, R��:T�Zr��k. NC Darboux %ifU,M ]a, b[ Æ, GPED f > 0, GPED f < 0. ��<�4, R� f > 0

(1Peq −f). N f M ]a, b[ Æ"O, F�CA���$D\%ifU
lim

x→a+0
f(x) = inf

a<x<b
f(x) < sup

a<x<b
f(x) = lim

x→b−0
f(x) .QH!�t(. <�TZr�k.l�� u�gn�!
j� (13 0)

1. (3+2+3 0) '�> z > 0, %? f(z) = ln z − z + 1.

(a) Ty: A� f M ]0, +∞[ ÆD_�W, ���5_�W.

(b) Ty: '�> z > 0, �k ln z 6 z − 1.

(c) Ty: '�> x, y ∈ R (y > 0), �k
xy 6 ex + y ln

y

e
.

4



2. (3+20)� f : [0, +∞[→ [0, +∞[f&� ∀x > 0,
D f ′(x) 6 f(x).

(a) '�> x > 0, %? g(x) = f(x)e−x. Ty: A� g M [0, +∞[ Æf&, /4, /O.

(b) � f(0) = 0, Ty: A� f M [0, +∞[ ÆE F 0.l���f:

1. Ty: (a) CF f '� A�, <f�, � ∀z > 0, �k
f ′(z) =

1

z
− 1 .F� f ′ M ]0, 1[ Æ'S, *M ]1, +∞[ '4. Qa	y f M ]0, 1] Æ"O,*M [1, +∞[ Æ"U, �� f M# z = 1 ��_�W f(1) = 0.

(b) C (a)fU, '�> z > 0,&D f(z) 6 f(1) = 0,< ln z 6 z−1.

(c) '�> x, y ∈ R (y > 0), M (b) Zp z = ex/y > 0. N
ln

ex

y
6

ex

y
− 1 ,F� x − ln y 6

ex

y
− 1. M x 6

ex

y
− ln y

e
. C�kgf��:Zr.

2. Ty: (a) CFA� f M [0, +∞[ Æf&/4, < g ;f&/4. o%,'�> x > 0, )w&D f(x) = g(x)ex, �* f ′(x) =
(

g(x) + g′(x)
)

ex.F�C!�fU (

g(x) + g′(x)
)

ex 6 g(x)ex, M g′(x) 6 0. < g /O.

(b) CF g M [0, +∞[ Æ/4/O, <'�> x > 0, �k
0 6 g(x) 6 g(0) = f(0) = 0 ,�� g(x) = 0, �* f(x) = 0. M�TZr�k.l�� �u� (9 0)

1. (2 0) 5�$A��%?.

2. (4 0) � f ∈ C (]a, b[). Ty f '$A���_� ∀x, y ∈]a, b[, �k
f

(

x + y

2

)

6
f(x) + f(y)

2
.
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3. (3 0) � f : ]a, b[→ R '$A�. ∀x ∈]a, b[, %?
F (x) = ef(x) .Ty: F '$A�.l���f:

1. [: � f :]a, b[→ R 'A�. �'�> x, y ∈]a, b[ =L α ∈ [0, 1], 
D
f
(

αx + (1 − α)y
)

6 αf(x) + (1 − α)f(y) ,N� f ' ]a, b[ Æ�$A�.

2. Ty: b��. � f '$A�, N'�> x, y ∈]a, b[ L α ∈ [0, 1], 
D
f
(

αx + (1 − α)y
)

6 αf(x) + (1 − α)f(y) , 
!, � α = 1/2 �, Æ�SB8��:�Zr.ds�. =% x1, x2 ∈]a, b[. )wW' n ∈ N B�7?{,Ty
f
(

λx1 + (1 − λ)x2

)

6 λf(x1) + (1 − λ)f(x2) ,~Z λ = k/2n, * k ∈ N (0 < k < 2n).� n = 1 �, )wD λ = 1/2, ���T� �a�!�"V.R��TZr' n ∈ N �k. � λ = k/2n+1 (k ∈ N , 0 < k < 2n+1).� k = 2l '}�, N λ = k/2n, <C?{R�fU�T� ��k.� k = 2l − 1 '��, p
x =

l

2n
x1 +

(

1 − l

2n

)

x2 , y =
l − 1

2n
x1 +

(

1 − l − 1

2n

)

x2 ,zuC?{R�"Vf�
f
(

λx1 + (1 − λ)x2

)

= f

(

1

2
(x + y)

)

6
1

2

(

f(x) + f(y)
)

6
1

2

( l

2n
f(x1) +

(

1 − l

2n

)

f(x2)

+
l − 1

2n
f(x1) +

(

1 − l − 1

2n

)

f(x2)
)

= λf(x1) + (1 − λ)f(x2) .<�T� �'F n + 1 ;�k.
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'�> λ ∈]0, 1[ L n ∈ N, p kn = [2nλ]. CQ�JifU
lim

n→∞

kn

2n
= λ ,`*C f �l64=L�xC�7?{,�T�� �f�

f
(

λx1 + (1 − λ)x2

)

= lim
n→+∞

f

(

kn

2n
x1 +

(

1 − kn

2n

)

x2

)

6 lim
n→+∞

(

kn

2n
f(x1) +

(

1 − kn

2n

)

f(x2)

)

= λf(x1) + (1 − λ)f(x2).<�TZr�k.

3. Ty: CA� f �$4, X�A��"O4=LX�A��$4fU,'�> x, y ∈]a, b[ =L α ∈ [0, 1], )wD
F
(

αx + (1 − α)y
)

= ef(αx+(1−α)y)
6 eαf(x)+(1−α)f(y)

6 αef(x) + (1 − α)ef(y) = αF (x) + (1 − α)F (y) .<�TZr�k.l�� u�w� (25 0)

1. (2 0) 5�b
 Taylor :�.

2. (2 0) 5� L’Hôpital ,N.

3. (3 0) �A� f : ]a, b[→ R M# x0 ∈]a, b[ �D+Y��. Ty:

lim
h→0

f(x0 + h) + f(x0 − h) − 2f(x0)

h2
= f ′′(x0) .

4. (2+2+2 0) � x > 0.

(a) �[= θ(x) '(UI�.�
√

x + 1 −
√

x =
1

2
√

x + θ(x)
.

(b) Ty: 1
4

6 θ(x) 6
1
2
.
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(c) Ty:

lim
x→0+0

θ(x) =
1

4
, lim

x→+∞
θ(x) =

1

2
.

5. (4+4+4 0) N�-mA�J0
(a) lim

x→0

chx − cos x

x2
, (b) lim

x→0

(

1

x
− 1

ex − 1

)

,

(c) lim
x→0

cos x − e−
x
2

2

x4
.l���f:

1. [: � E '�T* x0 ∈ E. � f : E → R M x0 �D n > 1 Y��, N
f(x) =

n
∑

k=0

f (k)(x0)

k!
(x − x0)

k + o
(

(x − x0)
n
)

(E ∋ x → x0) .

2. [: �A� f, g :]a, b[→ R f&�'�> x ∈]a, b[, 
D g′(x) 6= 0. �
lim

x→a+0

f ′(x)

g′(x)
= A ∈ R ∪ {±∞} .
�

lim
x→a+0

f(x) = lim
x→a+0

g(x) = 0 G lim
x→a+0

g(x) = ∞ ,zu
lim

x→a+0

f(x)

g(x)
= A .

3. Ty: C!�Lb
 Taylor :�fU, � h → 0 �, )wD
f(x0 + h) = f(x0) + f ′(x0)h +

1

2
f ′′(x0)h

2 + o(h2) ,

f(x0 − h) = f(x0) − f ′(x0)h +
1

2
f ′′(x0)h

2 + o(h2) ,C�kgf�
f(x0 + h) + f(x0 − h) − 2f(x0) = f ′′(x0)h

2 + o(h2) ,`*fU�TZr�k.
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4. [: (a) C!�.�f�
√

x + 1 +
√

x = 2
√

x + θ(x) ,`*f�
θ(x) =

1

4
(
√

x + 1 +
√

x)2 − x

=
1

4

(

1 − 2x + 2
√

x(x + 1)
)

=
1

2
− 1

4
(
√

x + 1 −
√

x)2 .WV��J.�fU��'��[.

(b) C (a) kgfU θ(x) 6 1/2. o<.x, '�> x > 0, )wD
0 6

√
x + 1 −

√
x =

1√
x + 1 +

√
x

6 1 ,F�C (a) f�
θ(x) =

1

2
− 1

4
(
√

x + 1 −
√

x)2
>

1

2
− 1

4
=

1

4
.<�T� ��k.

(c) C (a) fU, '�> x > 0, )wD
θ(x) =

1

2
− 1

4(
√

x + 1 +
√

x)2
,F�CA�J0�H�4Ykgf�

lim
x→0+0

θ(x) =
1

2
− 1

4
=

1

4
, lim

x→+∞
θ(x) =

1

2
.

5. (a) C L’Hôpital ,Nkgf�
lim
x→0

chx − cos x

x2
= lim

x→0

shx + sin x

2x
= lim

x→0

chx + cos x

2
= 1 .

(b) � x → 0 �, )wD
1

ex − 1
=

1

x + 1
2
x2 + O(x3)

=
1

x
(

1 + 1
2
x + O(x2)

)

=
1

x

(

1 − 1

2
x + O(x2)

)

=
1

x
− 1

2
+ O(x) ,
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C�kgf�
lim
x→0

(

1

x
− 1

ex − 1

)

=
1

2
.

(c) � x → 0 �, )wD
cos x = 1 − x2

2
+

x4

4!
+ O(x5) , e−

x
2

2 = 1 − x2

2
+

x4

8
+ O(x5) ,C�kgf�

cos x − e−
x
2

2 =
x4

4!
− x4

8
+ O(x5) = −x4

12
+ O(x5) ,`*)waD

lim
x→0

cos x − e−
x
2

2

x4
= − 1

12
.l�� "u� (25 0)

1. (2 0) 5�JA��%?.

2. (3+4+4 0) ∀x ∈ R, %? Q(x) = x4 − 2x3 + 2x2 − 2x + 1

(a) W)2� Q 0[��,�PK)2���I.

(b) WDi0�
2x3 − x2 + 1

x4 − 2x3 + 2x2 − 2x + 1F��Di0���\3�.

(c) ��%I0
∫

2x3 − x2 + 1

x4 − 2x3 + 2x2 − 2x + 1
dx .

3. (4+4+4 0) �-m�%I0
(a)

∫

dx

sin2 x + 4 cos2 x
, (b)

∫

x dx
3
√

1 − 3x
, (c)

∫

dx

x +
√

x2 + 2x + 5
.l���f:

1. [: � E '/hKD�vD;k#, * F, f : E → R 'A�. � F f&�s^ F ′ = f , N� F ' f M E Æ�JA�.
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2. [: (a) C!�fU
Q(x) = x4 − 2x3 + 2x2 − 2x + 1 = (x2 − 2x + 1)x2 + (x2 − 2x + 1)

= (x − 1)2(x2 + 1).CF)2� x2 + 1 vD�9, ��Æ�a����PK0[.

(b) C!�fU
2x3 − x2 + 1

x4 − 2x3 + 2x2 − 2x + 1
=

2x2(x − 1) + x2 + 1

(x − 1)2(x2 + 1)

=
2x2

(x − 1)(x2 + 1)
+

1

(x − 1)2

=
(x2 + 1) + (x + 1)(x − 1)

(x − 1)(x2 + 1)
+

1

(x − 1)2

=
1

x − 1
+

1

(x − 1)2
+

x + 1

x2 + 1
.

(c) C (b) kgf�
∫

2x3 − x2 + 1

x4 − 2x3 + 2x2 − 2x + 1
dx

=

∫
(

1

x − 1
+

1

(x − 1)2
+

x + 1

x2 + 1

)

dx

= log |x − 1| − 1

x − 1
+

1

2
log(x2 + 1) + arctan x + C ,~Z C ∈ R 'Æ�.

3. [: (a) C!�fU
∫

dx

sin2 x + 4 cos2 x
=

∫

dx

(tan2 x + 4) cos2 x

=

∫

d tanx

tan2 x + 4

=

∫

d tan x
2

2
(

(

tan x
2

)2
+ 1
)

=
1

2
arctan

tanx

2
+ C ,~Z C ∈ R 'Æ�.
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(b) C!�fU
∫

x dx
3
√

1 − 3x

y= 3
√

1−3x
=

∫

(1 − y3) d(1 − y3)

9y

=
1

3

∫

(y3 − 1)y dy

=
1

3

(

1

5
y5 − 1

2
y2

)

+ C

=
1

15
(1 − 3x)5/3 − 1

6
(1 − 3x)2/3 + C ,~Z C ∈ R 'Æ�.

(c) p y = x + 1 +
√

x2 + 2x + 5, N x = −1 + (y2 − 4)/(2y), F�
∫

dx

x +
√

x2 + 2x + 5

=

∫ dy2−4
2y

y − 1
=

1

2

∫

1

y − 1

(

1 +
4

y2

)

dy

=
1

2

∫
(

5

y − 1
− 4

y
− 4

y2

)

dy

=
5

2
log |y − 1| − 2 log |y|+ 2

y
+ C

=
5

2
log
(

x +
√

x2 + 2x + 5
)

− 2 log
(

x + 1 +
√

x2 + 2x + 5
)

+
2

x + 1 +
√

x2 + 2x + 5
+ C

=
5

2
log
(

x +
√

x2 + 2x + 5
)

− 2 log
(

x + 1 +
√

x2 + 2x + 5
)

+
1

2

(√
x2 + 2x + 5 − x − 1

)

+ C ,~Z C ∈ R 'Æ�.t|� (8 0)

1. (4 0) �A� f : ]− 1, 1[→ R MJ#�l6, * λ 6= ±1 '����
lim
x→0

f(λx) − f(x)

x
= A ∈ R .Ty: A� f MJ#�f��

f ′(0) =
A

λ − 1
.
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2. (40)� f ∈ C (∞)(R)��'�> n ∈ NL x ∈ R,
D f (n)(x) > 0.Ty: A� f M R Æ[+. M ∀x ∈ R, �k
f(x) =

∞
∑

k=0

f (k)(0)

k!
xk .t|��f:

1. Ty: �.eq |λ| < 1. '�> ε > 0, C!�fU�M δ ∈]0, 1[ ��'�> x ∈] − δ, δ[\{0}, 
D
∣

∣

∣

∣

f(λx) − f(x)

x
− A

∣

∣

∣

∣

6 (1 − |λ|)ε ,F� |f(λx)−f(x)−Ax| 6 (1−|λ|)ε|x|. CF |λ| < 1,��'�> k ∈ N,)w;D 0 < |λk−1x| < δ, �*
|f(λkx) − f(λk−1x) − λk−1xA| 6 |λk−1x|(1 − |λ|)ε ,C�=L f MJ#��l64kgf�

∣

∣

∣

∣

f(0) − f(x) − Ax

1 − λ

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞
∑

k=1

(

f(λkx) − f(λk−1x) − λk−1xA
)

∣

∣

∣

∣

∣

6

∞
∑

k=1

∣

∣f(λkx) − f(λk−1x) − λk−1xA
∣

∣

6

(

∞
∑

k=1

|λk−1x|
)

(1 − |λ|)ε = |x|ε .QS	y f MJ#�f�, � f ′(0) = A/(λ − 1)./R� |λ| > 1. C!�=L3DJ0,NfU
lim
x→0

f(λ−1x) − f(x)

x
= lim

y→0

f(y) − f(λy)

λy
= −Aλ−1 ∈ R ,F�C�x�ZrfU�� f MJ#�f�, �

f ′(0) =
−Aλ−1

λ−1 − 1
=

A

λ − 1
.℄Æ��fU�TZr�k.
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2. Ty: � x = 0, �T'E �./R� x ∈ R \ {0}. �' f ∈ C (∞)(R), <'�>� n ∈ N, C�
Lagrange G2� Taylor :�fU, �M ξn ^F 0 C x VT��

f(x) =

n−1
∑

k=0

f (k)(0)

k!
xk +

f (n)(ξn)

n!
xn .#9!, �M ζn ^F |x| C 3|x| VT��

f(3|x|) =

n
∑

k=0

f (k)(|x|)
k!

|2x|k +
f (n+1)(ζn)

(n + 1)!
|2x|n+1 .C!�"VfU ∀m ∈ N, 
D f (m) > 0, <

f (n)(|x|)
n!

|2x|n 6 f(3|x|) − f(|x|) .E f (n+1) > 0, < f (n) /X, �*
0 6

f (n)(ξn)

n!
6

f (n)(|x|)
n!

6
f(3|x|) − f(|x|)

|2x|n ,C�kgf�
∣

∣

∣

∣

f (n)(ξn)

n!
xn

∣

∣

∣

∣

6
f(3|x|) − f(|x|)

2n
,`*CQ�JifU

f(x) =
∞
∑

k=0

f (k)(0)

k!
xk .<�TZr�k.
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